Abstract: A novel-type symmetry analysis of the basic mathematical formalism of some fundamental features of the convection-diffusion and turbulent flows is given on the base of the Riccati-type ordinary and matrix differential equation. Common symmetry features of the turbulent flow velocity and incommensurately modulated crystals are also briefly discussed.
Introduction
The mathematical modelling of the convection-diffusion processes even nowadays plays an important role in transport engineering problems, whose complexity is reflected in the nonlinear character of the ordinary differential equations (ODEs) and partial differential equations (PDEs) to be solved. The relevant basic PDE is:
where c = c (⃗ r,t) denotes the concentration distribution function, D = D (c, T, ...) is the diffusion coefficient, K = K (c) is the hydraulic conductivity coefficient and z-axis corresponds to the direction of the gravitational acceleration. Using D'Alembert-type variablesζ , the general form of the solution will be e.g. (Mszros et al., 2012):
where q ∈ ℜ + and the component solution functions obey the Riccati-type ODE dω dζ = k + ω 2 , with a parameter k" depending on the actual experimental conditions. 2 − k 2 f = 0 on the base of use of a usual rectangular coordinate-system and assumption, that the continuous elastic medium fills the infinite half-space z < 0, and the travelling waves propagating into x-direction can be described as u = f (z) · e i(kx−ω t) .
The relevance of the Riccati's ODE for describing of some basic features of the turbulent can be demonstrated within frame of the classical Landau-Hopf theory, too e.g. . Namely, after decomposition of the velocity function to stationary velocity field ⃗ v 0 (⃗ r) and non-stationary velocity contribution⃗ v 1 (⃗ r,t), the latter will be determined by the PDE system:
Although rarely emphasized, this equation is also of Riccati-type. Then, the general solution form (with n non-stationary components in general case) of the velocity field function is:
which will be of crucial importance at explaining the essential new result of the present study. Therefore, extensive use of the Riccati-type ODE in continuum mechanics has its roots in the previously discussed classical results. This aspect has not been emphasized adequately in the literature.
Application of the Riccati-type ordinary differential equation
First of all, we recall here a basic invariance property of the Riccati-type ODE y ′ + f (x) y 2 + g (x) y + h (x) = 0, whose general solution is invariant (Mitrinović, 1983 ) with respect to the homographic transformation y =
Q(x)z+R(x)
S(x)z+T (x) , (QT − RS ̸ = 0) . In order to solve the Riccati -ODE related to (2) we apply a more general form of it's, i.e.:
where in functions a n = a n (p) the independent variable is the percolation probability. If there is only one dominant term" in (5) (i.e. y ′ − y 2 − a n (p) · ζ n = 0), the solution for y (ζ ) is:
(with ϕ (ζ ) ≡ √ a n (p) · ζ n 2 +1 ,C = const.) and J k (ζ ) and Y k (ζ ) denote the Bessel-functions of k-th order, which are of the first kind, and second kind respectively. It is obvious, that the basic invariance property of the Riccati ODE is reflected in the form of the solution (6), too.
The Navier-Stokes' equation may also be derived by variational calculus on the base of the "governing principle" (Gyarmati, 1970). The relevant Lagrangian density function is:
and the variation parameters Γ i (i=1,. . . f) are now intensive thermodynamic quantities. According to the basic principles of the variational calculus (Zelikin, 2001 ) at second-order variation procedures (generally: with several unknown functions), theŴ ′ +Q =ŴR −1Ŵ Riccati-type matrix equation must be solved with matricesQ andR built up from all possible types of second-order partial derivatives of the Lagrangian. Then, we arrive at:
i.e., we are faced with solving of matrix equations with matrices having 5184 elements, and the block-structure of these rarely-filled matrices still represents an open problem.
3 Analogies between dissipative structures and structural phase transitions leading to incommensurately modulated crystals Finally, we would like to call attention briefly on a novel possibility of studying phase transitions in crystals and creation of certain types of dissipative structures. Although this aspect had been emphasized in literature many times e.g. (Tribelskii, 1997) , the application of symmetries quasi-one-dimensional (Q1D) systems -the so called line groups e.g. (Vukovi et al., 1996) is still absent in this sense. In order to justify this statement, we summarize some classical results about this topic in the following 
Conclusions
In the present work an attempt is given for a general symmetry treatment of the convectiondiffusion and turbulent flow phenomena from a unique point of view. It is demonstrated, that application of the Riccati-type equations (in both scalar-, and/or matrix forms) -must play a crucial role in the future symmetry analysis of these very general type dissipative structures. Some of the newest research results about influence of helicity on rotational turbulent flows e.g. (Immazio and Minnini, 2013) also justify this concept.
